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FAST REACTOR SHAPE FACTORS AND 
S H A P E - D E P E N D E N T VARIABLES 

by 

W. B. Loewens te in and G. W. Main 

ABSTRACT 

Exis t ing e x p e r i m e n t a l data on the va r ia t ion of r eac t iv i ty with c o r e geom­
e t r y a r e r ev iewed . Four typical fast neu t ron s y s t e m s a r e ana lyzed to p red ic t : 

1 . the va r i a t ion of c r i t i c a l m a s s with cy l indr ica l c o r e g e o m e t r y (core 
and re f l ec to r composi t ion a r e held fixed); 

2. the r eac t i v i t y worth of fuel at the rad ia l c o r e boundary as a function 
of cy l indr i ca l co re geome t ry ; 

3. the g e o m e t r i c va r i a t ion of heat r emova l p a r a m e t e r s ; these include 
the r a t io of: 

a. Maximum power dens i ty to ave rage power dens i ty in the c o r e . 

b . Maximunn power dens i ty to ave rage rad ia l power dens i ty in the 
c o r e . 

c. Total r e f l ec to r power to total c o r e power . 

The absolu te va lues of al l of these p a r a m e t e r s a r e d e t e r m i n e d by the c o r e 
and re f l ec to r compos i t ions of the four sys tenns . These were chosen to s imula t e 
typical cons t i tuen ts of i n t e r e s t to r e a c t o r a n a l y s i s . 

Two s y s t e m s r e p r e s e n t a typical fast r e a c t o r and a typical fast c r i t i c a l 
e x p e r i m e n t . The o ther two s y s t e m s r e p r e s e n t com^positional combinat ions of the 
two bas i c s y s t e m s . 

The r e s u l t s of the a n a l y s e s show that the significant g e o m e t r i c va r i a t i on 
is in i t e m s 2 and 3b. I tem 1 is a lmos t cons tan t for sma l l va r i a t ions n e a r the op­
t i m u m g e o m e t r i c conf igura t ion . Outside of this r ange , the va r ia t ion of c r i t i c a l 
m a s s •with c o r e g e o m e t r y is pronounced. 

A m o s t s ignif icant r e s u l t shows that the ra t io of the sphe r i ca l c r i t i c a l 
m a s s to the m i n i m u m cy l ind r i ca l c r i t i c a l m a s s , for fixed core and re f l ec to r 
compos i t ion , depends p r i m a r i l y on c o r e compos i t ion . The connposition of the 
thick r e f l ec to r has a l e s s e r effect on this ra t io which was found to i n c r e a s e with 
c o r e dens i ty . 

The two-d imens iona l ca lcu la t ions a r e i n t e r p r e t e d and analyzed on the 
b a s i s of o n e - d i m e n s i o n a l c o n c e p t s . Reflector savings a r e ca lcu la ted for s p h e r ­
ica l and cy l ind r i ca l s y s t e m s . The m o r e exact re f lec to r savings d e t e r m i n a t i o n s 
a r e c o m p a r e d with m o r e app rox ima te ca l cu la t ions . It is found that the a p p r o x i ­
m a t e d e t e r m i n a t i o n s a r e qua l i t a t ive ly c o r r e c t and show c o r r e c t t r e n d s . However , 
the m o r e de ta i led and a c c u r a t e ana ly t ica l t echniques a r e r e q u i r e d for p r e c i s i o n 
c o m p a r i s o n between t heo ry and e x p e r i m e n t . 

An i n t e r e s t i n g c o r r e l a t i o n between c r i t i c a l m a s s and c o r e su r face a r e a 
is d e m o n s t r a t e d . It was found that , in the r ange of i n t e r e s t , the c r i t i c a l m a s s 
depends alnnost l i n e a r l y upon the su r face a r e a . The s a m e l inea r dependence a p ­
p r o x i m a t e s al l the s y s t e m s s tudied . 



I. INTRODUCTION 

A l a r g e f r ac t ion of the r e p o r t e d fas t n e u t r o n c r i t i c a l e x p e r i m e n t s 
w e r e i n v e s t i g a t e d in c y l i n d r i c a l g e o m e t r y . ( 1 - 2 ) A n a l y t i c a l e f fo r t s to i n ­
t e r p r e t the e x p e r i m e n t a l data and t e s t m i c r o s c o p i c m u l t i g r o u p c o n s t a n t s 
u t i l i z e r e f l e c t e d s p h e r i c a l g e o m e t r y , ( 3 , 4 , 6 ) it h a s b e e n d e m o n s t r a t e d ^ " > 
tha t s p h e r i c a l c a l c u l a t i o n s do give the s p e c t r a l p r o p e r t i e s of the c y l i n d r i c a l 
c r i t i c a l a s s e m b l i e s . H o w e v e r , t h e r e m u s t be a b a s i s for c o n v e r t i n g the p r e ­
d ic ted s p h e r i c a l c r i t i c a l m a s s to c y l i n d r i c a l g e o m e t r y for c o m p a r i s o n wi th 
the e x p e r i m e n t a l da ta . Th i s i s g e n e r a l l y a c c o m p l i s h e d by the u s e of a s u i t ­
ab le Shape F a c t o r . 

The Shape F a c t o r (S .F . )^ i s def ined a s the r a t i o of the s p h e r i c a l 
c r i t i c a l m a s s of a s y s t e m to the c r i t i c a l m a s s of a g iven a s s e m b l y . • * 
Both s y s t e m s have i d e n t i c a l c o r e c o m p o s i t i o n s and s i m i l a r r e f l e c t o r 
p a r a m e t e r s . 

Survey a n a l y s e s of a s e r i e s of c r i t i c a l e x p e r i m e n t s often r e s o r t to 
the r e p o r t e d e x p e r i m e n t a l Shape F a c t o r s ( see F i g . 6-2 of Ref. 8). T h e s e 
l i m i t e d da ta sugges t tha t for the f a i r l y wel l r e f l e c t e d and m o d e r a t e l y s i z e d 
s y s t e m s , the o p t i m u m g e o m e t r y t Shape F a c t o r i s r e l a t i v e l y i n d e p e n d e n t of 
c o r e s i ze or c o m p o s i t i o n . 

The a n a l y s i s of fas t n e u t r o n c r i t i c a l e x p e r i m e n t s p e r f o r m e d at 
Z P R - I I I h a s shown tha t fa i r p r e d i c t i o n s m a y be m a d e for s y s t e m s hav ing 
h i g h - d e n s i t y u r a n i u m c o r e s .('*'Good p r e d i c t i o n s a r e not m a d e for t h o s e s y s ­
t e m s "with l o w - d e n s i t y c o r e s (due to the p r e s e n c e of coo l an t and s t r u c t u r a l 
m a t e r i a l s ) . * ' ' P r e d i c t i o n s for the l o w - d e n s i t y s y s t e m can be i m p r o v e d 
by m o r e s o p h i s t i c a t e d a v e r a g i n g of c r o s s s e c t i o n s ove r s c a t t e r i n g r e s o ­
n a n c e s , w) Hov/ever , such a v e r a g i n g does not b r i n g a g r e e m e n t bet 'ween 
t h e o r y and e x p e r i m e n t "with the p r e c i s i o n found for the h i g h - d e n s i t y sy s t em. (5 ) 

The a p p a r e n t l a ck of a g r e e m e n t be tween t h e o r y and e x p e r i m e n t for 
the low/-densi ty s y s t e m s s u g g e s t s that the s h a p e c o n v e r s i o n , f r o m s p h e r i c a l 
to c y l i n d r i c a l g e o m e t r y , m a y be dependen t on the c o r e and r e f l e c t o r d e n s i t i e s 
a s wel l a s the c o r e s i z e and conf igu ra t ion . The q u e s t i o n i s : How s ign i f i can t 
i s the v a r i a t i o n of the o p t i m u m g e o m e t r y Shape F a c t o r ? A r e l i a b l e a n a l y t i c a l 
t echn ique m u s t be u s e d to u n a m b i g u o u s l y a n s w e r th i s q u e s t i o n . 

* The Shape F a c t o r i s s o m e t i m e s spec i f i ed to be the i n v e r s e of t h i s 
def in i t ion. 

* T h e a s s e m b l y c o r e u s u a l l y h a s s i m p l e c y l i n d r i c a l o r r e c t a n g u l a r 
g e o m e t r y but m a y conce ivab ly have v e r y i r r e g u l a r g e o m e t r y . 

' M i n i m u m Cy l ind r i ca l C r i t i c a l M a s s . 



Initial efforts were devoted to predicting the existing experimental 
data on 50-li ter optimum geometry cores . ( l ) These showed that both one-
and two-dimensional diffusion theory could, to a fairly high degree of p re ­
cision, predict the cri t ical i ty of the known systems (see Tables 18 and 22 
of Ref. l ) . The two-dimensional calculations were straightforward. The 
one-dimensional analyses assumed that the neutron flux 0 is approximately 
separable: 

0(r ,z) = R(r)Z(z) 

With this assumption, one-dimensional calculations (axially bare , 
radially reflected cylinders and radially bare , axially reflected slabs) were 
performed to yield the following relationships: 

h\ = a^C + jSj. . (1) 

hi = a^C + p^ . (2) 

where b^ is the radial buckling, b^ is the axial buckling and C is the enrich­
ment (U235 in U) of the fuel. The quantities a .̂, Pj-.a^. and jS^ a re constants. 
Fundamental mode calculations with various core enrichments yield the 
mater ia l buckling K of the core: 

/c^ = aC +/3 • (3) 

Equations (l). (2), and (3) along with the constraint 

b^ + b^ - /ĉ  = 0 (4) 

allow for the solution of the cri t ical enrichment which satisfies the self-
consistent set of calculations. Then b | and b | for the cri t ical enrichment 
specify the appropriate axial and radial reflector saving. 

The one-dimensional method of solution showed that both axial and 
radial reflector saving are a function of the ratio of core height to diameter 
(see Table 6-14 of Ref. 8). 

A ser ies of detailed calculations were performed to compare the 
approximate one-dimensional method with the more accurate two-dimensional 
method. The resul ts showed (see Table 18 of Ref. 3) that 

^ID " '^2D 
-0.01 < <+ 0.03 

'^2D 
for uniformly reflected sys tems. Here k j j j and k^Q are the calculated mult i ­
plication constants for one- and two-dimensional analyses, respectively. 



The expec ted v a r i a t i o n in the shape c o n v e r s i o n f a c t o r s i s e x p e c t e d 
to r e p r e s e n t about 1% Ak/k . T h e r e f o r e , a p r e c i s e a n a l y s i s to r e s o l v e t h i s 
ques t ion r e q u i r e s t w o - d i m e n s i o n a l m e t h o d s . 

The Shape F a c t o r i s useful for fas t r e a c t o r d e s i g n . C o n c e p t u a l 
s t u d i e s , u sua l ly p e r f o r m e d in i d e a l i z e d s p h e r i c a l g e o m e t r y , t end to m m i -
m i z e the r e q u i r e d fuel i nven to ry . 

The fuel i nven to ry doubling t i m e in a fas t power b r e e d e r r e a c t o r i s 
d i r e c t l y p ropor t i ona l to the c r i t i c a l m a s s and i n v e r s e l y p r o p o r t i o n a l to the 
to ta l power . The c r i t i c a l m a s s is a funct ion of the Shape F a c t o r . The t o t a l 
power m a y be a function of the Shape F a c t o r . F o r i n s t a n c e , the m a x i m u m 
power dens i ty m a y be i n c r e a s e d a s the c o r e d i m e n s i o n s p a r a l l e l to coo l an t 
channe l s a r e r educed . The Shape F a c t o r m a y be u s e d to d e t e r m i n e fuel 
doubling t i m e for an ac tua l r e a c t o r f r o m tha t p r e d i c t e d by the g e n e r a l c o n ­
ceptual s t u d i e s . 

II. E X P E R I M E N T A L DATA 

A v a r i e t y of Shape F a c t o r i n v e s t i g a t i o n s have b e e n r e p o r t e d , m o s t 
for cy l i nd r i ca l g e o m e t r y . They m a y be of l i m i t e d u s e for g e n e r a l f a s t r e ­
ac to r des ign . It is not obvious tha t they a r e a l w a y s a p p l i c a b l e . 

The e x p e r i m e n t a l da ta inc lude t h o s e fo r : 

1. H igh -dens i ty , 6 - p h a s e p lu ton ium c o r e s ( l O ) r e f l e c t e d by e i t h e r 
na tu r a l u r a n i u m or b e r y l l i u m . Re f l ec to r t h i c k n e s s e s w e r e 2.0 and 6.0 c m . 
The data a r e shown in F ig . 1 . 

2. H igh -dens i ty , h ighly e n r i c h e d (~93%) u r a n i u m c o r e s r e f l e c t e d 
by n a t u r a l u r a n i u m , ( l l ) wa te r , (12 ) and g r a p h i t e . ( 1 2) N a t u r a l u r a n i u m t h i c k ­
n e s s e s were 2.84, 5.08 and 20.3 c m . The g r a p h i t e t h i c k n e s s was > 40 c m . 
The wate r r e f l ec to r was e s s e n t i a l l y in f in i t e . U n r e f l e c t e d s y s t e m s w e r e a l so 
included. These da ta a r e shown in F i g . 2. 

3. EBR-IIv-'3 ,14) s i ze and c o m p o s i t i o n c o r e s r e f l e c t e d by h i g h -
dens i ty deple ted u r a n i u m . The r e f l e c t o r t h i c k n e s s w a s ~30 c m . The c o r e 
contained about 30 v / o u r a n i u m (~46% e n r i c h e d ) , 31 v / o a l u m i n u m , and 
12 v / o s t a i n l e s s s t e e l . ( O F i g u r e 3 i n c l u d e s t h e s e d a t a . 

4 . S e v e r a l c o r e s con ta in ing 49 v / o u r a n i u m (~23% e n r i c h e d ) , 21 v / o 
a luminum and 15 v / o s t a i n l e s s s t e e l . The r e f l e c t o r i s - 3 0 c m of the h igh 
densi ty deple ted u r a n i u m . ( 1 ) T h e s e da ta a r e a l s o shown on F i g . 3 . 
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SHAPE FACTORS FOR SMALL DILUTE CORES 
(MEASURED AT ZPR-IXI) 

Other experiments have yielded the change in cr i t ical mass with 
core geometry. In nnost of these the data are insufficient for constructing 
curves like those in Figs. 1, 2, and 3. Their use here is limited in the 
sense that they must either be corrected or normalized to some of the data 
cited here . Even with such corrections or normalizations these data would 
not appreciably extend the scope of the experimental information. 

These results (see Figs. 1, 2, and 3) yield several common conclu­
sions. The optirnum ratio of core height to diameter ( L / D ) is less than one. 
Further, the critical mass of the system, with fixed composition, is re la ­
tively constant for 0.7 < L/D < 1.1; the cri t ical mass increases quite rapidly 
outside of this range. 

These data are insufficient for general fast reactor design because: 

1 . The reflectors have neither the composition nor the dimensions 
of those in a typical fast reactor . 

2. The experimental cores are quite small in relation to the cur­
rently conceived fast power reactors .(l 5) The experimental data for the 
EBR-II size represent the largest cores (~50 l i ters in optimum geometry) 
reported to date. Current conceptual studies deal pr imari ly with core 
volumes greater than 400 l i t e r s . 
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III. PREDICTED SHAPE FACTORS FOR FOUR 
FAST NEUTRON SYSTEMS 

Four reactor systems have been extensively analyzed for typical 
Shape Factor data. These represent systems that may be encountered in 
reactor design as well as in an analysis of cr i t ical experiments . The sys­
tems are combinations of high- and low-density cores and ref lectors . 
Table I summarizes the compositions of the four sys tems. 

CORE AND REFLECTOR COMPOSITIONS OF THE FOUR REACTOR 

Reactor 
Number 

1 

2 

3 

4 

Core 

High 

L o w 

L o w 

High 

' 
Reflector 

High 

Low 

High 

L o w 

SYSTEMS 

Volume Fract ions* 

Core 

U"= 

0.0712 

0.0447 

0.0581 

0.0712 

u"' 

0.7405 

0.2553 

0.0914 

0,7405 

F e 

0.0928 

0.20 

0.245 

0.0928 

Na 

0 

0.50 

0.376 

0 

Reflector 

U 

0.835-

0.60 

0.835 

0.60 

F e 

0.0731 

0.20 

0.0731 

0.20 

Na 

0 

0.20 

0 

0.20 

Approx. 
Spherical 

Core 
Volume 
(liters) 

560 

850 

380 

550 

* Volume Fraction x J 00 - Volume %; the total volume fraction is not unity because 
voids exist . 

Reference atomic densities (N) a r e : 

Materi 

u"= 
U238 

u 
Fe 
Na 

a l 
N X 1 0 - 2 « 

{atoms/cm^) 

0.048 
0.048 
0.048 
0.085 
0.022 

Reactor No. 1 is s imilar to ZPR-III Assembly 25.(2) Results from 
this analysis probably will apply to ZPR-III Assemblies 22 and 24,(2) as 
well as to the 16.25% enriched Jemima.(") Reactor No. 2 represents a 
typical fast power breeder reactor system. Reactor No. 3, with a low-
density core and a high-density reflector, is typical of many systems in­
vestigated at ZPR-III (Assemblies 15, 29, 30, 31).('-2) Reactor No. 4 has 
no experimental analogue. 

The Shape Factor analyses utilized three-energy-group diffusion 
theory. The group constants are given in Table II. P D Q ( 1 ° ) analyses were 
used to obtain resul ts in cylindrical geometry; calculations for spherical 
geometry were performed with RE- 1 22.W '/ 
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Tab le II 

T H R E E - G R O U P FAST CROSS SECTIONS 

J* 

1 
U"= 2 

3 

1 
U"^ 2 

3 

1 
Fe 2 

3 

1 
Na 2 

V 

2.65 
2.5 
2.5 

2.8 

-

-

va£ 

3.44 
3.50 

15.00 

1.48 

-

-

O t r 

4.93 
6.0 

19.0 

4 .93 
7.0 

20.0 

2.2 
2.9 
7.5 

2.0 
3.5 

10.0 

Oa. 

1.4 
1.7 
9.0 

0.57 
0.18 
0.80 

0.0025 
0.0057 
0.015 

0.0002 
0.0010 
0.0015 

a J — J +» 

1 .4 

2.1 

0.74 
0.0025 

0.4 
0.1 

* j = 1 : 1 .35 Mev £ E < <=° 

j = 2: 9.1 kev £ E s 1 .35 Mev 

j = 3 : 1 kev < E < 9.1 kev 

The ana ly t i ca l p r o c e d u r e was the fol lowing: 

1. With fixed compos i t i on c o r e and r e f l e c t o r , the s p h e r i c a l c o r e 
r a d i u s was v a r i e d unt i l c r i t i c a l i t y was a t t a i n e d . 

2. The e x p e r i m e n t a l Shape F a c t o r c u r v e s ( see F i g . 3) w e r e t h e n 
u s e d to specify the c o r e d i m e n s i o n for the in i t i a l c a l c u l a t i o n s in c y l i n d r i c a l 
g e o m e t r y . 

3. The r e s u l t s f rom s t ep 2 w e r e then u s e d to spec i fy a c r i t i c a l c o r e 
conf igura t ion . 

4. If the r e s u l t of s t ep 3 was not c r i t i c a l , the final r e s u l t s w e r e 
i n t e r p o l a t e d to give a c r i t i c a l va lue for L / D . 

5. In two c a s e s ( R e a c t o r s 1 and 2), the p r e d i c t e d c u r v e was u s e d 
to specify the he ight and d i a m e t e r of a c r i t i c a l c o r e . The r e s u l t i n g r e a c t o r s 
w e r e ana lyzed with PDQ and found to be c r i t i c a l wi th in 0 .1% A k / k . 

Table III is a s u m m a r y of the ind iv idua l c a l c u l a t i o n s . T a b l e IV and 
F i g s . 4 and 5 show the final r e s u l t s of t h e s e a n a l y s e s . It m a y be s e e n tha t 
the o p t i m u m g e o m e t r y Shape F a c t o r i s a function of the r e a c t o r s y s t e m u s e d . 
It i s c l e a r l y not an i nva r i an t quan t i ty . F u r t h e r m o r e , the v a r i a t i o n of c r i t i c a l 
m a s s with c o r e g e o m e t r y a l s o is a funct ion of the spec i f i c r e a c t o r s y s t e m . 
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Table m 

SUMMARY OF SPECIFIC REACTOR CALCULATIONS 

Reactor 

No. 

1 

2 

3 

4 

Extrapolated 
Crit ical 

Value o( L/D 

0.30 

0.49 

0.68 

0.78 

0.97 

1.32 

1.97 

01,0 . . . 

sptiere 

0.27 

0.36 

0.57 

0.76 

0-87 

0.96 

1.44 

2.16 

0 . 9 2 * " 

sphere 

0.32 

0.45 

0.59 

0.78 

1.17 

1.48 

sphere 

0,50 

0.68 

0.78 

0.96 

1.32 

sphere 

First Calculation 

Core 
Volume 

I l i lersI 

528 

455 

432 

433 

436 

466 

561 

560 

560 

1374 

1039 

896 

850 

853 

850 

919 

1110 

918 

850 

650 

473 

414 

381 

396 

423 

377 

455 

432 

433 

435 

466 

544 

Core 
Height" 

(cm) 

47.7 

59.2 

70.3 

76.2 

87.6 

110-2 

153,5 

83,6 

54,0 

59,6 

74,4 

87-9 

95-7 

102.7 

138,0 

192.6 

99,6 

42.1 

49,6 

57,5 

67,9 

89,9 

106,6 

59,2 

70,3 

76,2 

87,6 

110,2 

Core 

Diameter 
(cm) 

118,8 

98,9 

88,5 

85.1 

79,6 

73,4 

68,2 

92,8 

102,2 

180,0 

149,0 

123,9 

111,0 

106,6 

102,7 

92,1 

85,7 

108,3 

117,5 

140,2 

110,3 

95,8 

84.9 

74.9 

71,1 

89,6 

98,9 

88,4 

84,6 

79,6 

73,4 

101,3 

L /D" 

0,40 

0,60 

0,80 

0,89 

1,10 

1,50 

2,25 

0.90 

0,30 

0,40 

0,60 

0,79 

0.90 

1.00 

1,50 

2,25 

0,92 

0,30 

0.45 

0.60 

0,80 

1,20 

1,50 

0,60 

0.80 

0.90 

1,10 

1,50 

Calculated 

*efl 

0.966 

0,973 

0,975 

0,976 

0,974 

0,972 

0,970 

0,999 

1,0009 

0,985 

0,979 

0,987 

0,988 

0.990 

0,989 

0,986 

0,985 

1,0008 

1,0002 

1,008 

0.998 

0.993 

0,989 

0,990 

0,992 

1,000 

0,974 

0,975 

0,976 

0.975 

0.973 

1,000 

Second Calculation 

Core 

Volume 

(liters) 

676 

560 

533 

570 

532 

576 

694 

1868 

1206 

1042 

983 

917 

985 

1062 

1276 

690 

490 

429 

398 

412 

441 

560 

533 

570 

531 

576 

Core 

Diameter 

(cm) 

134.4 

109.8 

98,3 

97.9 

87,9 

81,6 

75,9 

210.0 

160,5 

133,6 

119,3 

110,5 

110,5 

99,0 

91,8 

144,4 

112,2 

97,4 

86,4 

76,4 

72.6 

109,8 

98.3 

97,6 

87,9 

81,6 

L /D" 

0,36 

0,54 

0,72 

0.78 

1,00 

1,35 

2,02 

0,20 

0,37 

0,56 

0,74 

0,87 

0,93 

1,39 

2,10 

0,29 

0,44 

0,59 

0,79 

1,18 

1,47 

0,54 

0,72 

0.78 

1.00 

1.35 

Calculated 

kcfl 

0.980 

0.988 

0,992 

0.999 

0,994 

0,995 

0,995 

1,004 

0,992 

1,004 

1,007 

1,000 

1.010 

1,010 

1.009 

1,014 

1,003 

0,999 

0,996 

0.999 

1.002 

0,989 

0.993 

1,000 

0,994 

0,996 

Perturbalion of 
Core Boundary 

AV /V ' ' ' 

0,219 

0.188 

0,189 

0.240 

0,180 

0.191 

0,192 

0,264 

0,139 

0.140 

0.135 

0,070 

0.137 

0.135 

0-130 

0.058 

0-035 

0-035 

0.035 

O039 

0-041 

0.188 

0.189 

0.240 

0.181 

0.191 

-

ntt 
11 

0.065 

0,081 

0,090 

0.100 

0,111 

0.120 

0,130 

0,072 

0.094 

0.121 

0,140 

0,143 

0,152 

0.176 

0,183 

0.104 

0.143 

0.171 

0,2CKI 

0,231 

0,243 

0,080 

0.095 

0,100 

0.105 

0.120 

f t 

•Core height (L) is the same for "F i rs t " and "Second" Calculation. 

" L / D = core height/core diameter 

• "Cy l indr ica l core size predicted from spherical calculation and curves on Figs. 4 and 5. 

t A V / V = ( V 2 - Vi)/V2 

= (Ak/k)/(A»/M) -
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Table IV 

SUMMARY OF SHAPE FACTOR ANALYSES* 

Reactor 
No. 

1 

2 

L / D 

0.30 
0.49 
0.68 
0.78 
0.97 
1.32 
1.97 

0,27 
0.36 
0.57 
0.76 
0,87 
0.96 
1.44 
2,16 

V ( l i t e r s ) * * 

946 
678 
590 
571 
566 
602 
732 

1696 
1283 

993 
923 
909 
923 
995 

1203 

Shape 
F a c t o r 

0.591 
0.826 
0.948 
0.980 
0,988 
0.930 
0.765 

0.501 
0.661 
0.855 
0.920 
0.934 
0.920 
0.853 
0.705 

Reac to r 
No. 

3 

4 

L / D 

0,32 
0.45 
0.59 
0.78 
1.17 
1.48 

0,50 
0.68 
0.78 
0.96 
1.32 

V ( l i t e r s ) * * 

586 
480 
431 
406 
414 
437 

662 
581 
570 
569 
599 

Shape 
F a c t o r 

0.643 
0.785 
0.875 
0.928 
0.911 
0.863 

0,821 
0.936 
0.954 
0,956 
0.908 

*Data based on calculations in Table III. 

•'•Core Volume. 

« REACTOR Ho. I 
o RE4CT0R Ho.U 

SHAPE FACTORS FOR HIGH DENSITY CORES 
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1 r-p 
« REACTOR No.2 
O REACTOR Ho.3 

FIG. 5 

SHAPE FACTORS FOR LOW DENSITY CORES 

IV. PERTURBATIONS AT RADIAL CORE BOUNDARY AS 
A FUNCTION OF CORE GEOMETRY 

The l a s t c o l u m n of Tab le III _gives a p a r a m e t e r r e l a t e d to the p r e ­
d i c t ed w o r t h of fuel ( co re m a t e r i a l ) a t the c o r e b o u n d a r y . The coeff ic ient 
r e l a t i n g f r a c t i o n a l change in c r i t i c a l m a s s with r e a c t i v i t y i s given by the 
equa t ion 

Ak 
k 

AM 
M 

w h e r e k i s the effect ive m u l t i p l i c a t i o n cons t an t and M the c r i t i c a l m a s s , 
and i s a f a i r l y s e n s i t i v e function of L / D . It i s to be noted that the r e l a t i o n ­
sh ip b e t w e e n r e a c t i v i t y Ak/k and the f r ac t ion of fuel subs t i t u t ed at the c o r e 
b o u n d a r y , AM/M, i s , in g e n e r a l , n o n l i n e a r . T h e r e f o r e , the c a l c u l a t e d "q" 
v a l u e s in Tab le III a r e p e c u l i a r to the i nd i ca t ed i n c r e m e n t s of subs t i t u t i on , 
AV/V. 

The c a l c u l a t i o n s showed tha t , ove r a l a r g e r a n g e , q ~ In ( L / D ) . This 
r e s u l t was e x p e r i m e n t a J l y c o n f i r m e d ( l 8) in the Z P R - I I I Shape F a c t o r e x p e r i ­
m e n t s . ' - ' ' F u r t h e r m o r e , the m e a s u r e m e n t s of q with Z P R - I I I A s s e m b l i e s - 2 Z 
and 36(2,18) c o n f i r m e d the c o n c l u s i o n that q i s a s e n s i t i v e funct ion of L / D . 
The c r i t i c a l m a s s e s of t h e s e two a s s e m b l i e s d i f fe red by l e s s than 2 kg U^^', 
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The spectral properties differed only slightly. The reflectors were identical . 
The Assembly 22 core composition was 9.4 v/o U"^, 70 v /o U^^*, and 9-2 v/o 
steel, the remainder constituting voids. The Assembly 36 core composition 
was 9.4 v/o U " ^ 50 v/o U " ^ 18 v/o Na, and 13 v/o steel . The value of L / D 
for Assembly 22 core was -0.87 and 0.13 £ q < 0.16; for the Assembly 36 
core, the value of L / D was -1.4 and 0.21 £ q £ 0.23.(18) These resul ts 
cannot be directly related to those predicted for Reactor No. 1 (Table III). 
The core and reflector compositions of Reactor No. 1 were very s imilar to 
that of Assembly 22. However, the U^̂ ^ enrichment of Assembly 22 was 
about 12%, whereas in Reactor No. 1 it was less than 9%. The basic core 
volume of Reactor No. 1 was about four t imes as large as that for Assem­
bly 22. Therefore, the measured ratio of the q values, 

1.3 <[q J L / D ) = 1.4]/[q(L/D) =0.87] < 1.75 , 

compares favorably with that interpolated from Table III (Reactor No. l ) : 

[q(L/D)= 1.4]/[q(L/D) =^0.87] =1.2 

This comparison is only intended to show experimental verification of the 
predicted variation of q with L / D . 

An absolute comparison of predicted with measured values of q can 
be obtained from ZPR-III Assembly 25. The experimental core with 
L / D = 0.9 gave q = 0.13, whereas interpolation of data in Table III gives 
q =0.11 for Reactor No. 1. This difference of -20% between theory and 
experiment is expected. The use of the three-group constants (Table II) 
tends to overpredict the cri t ical mass by about 20%. The e r r o r in the cal­
culated multiplication constant is about 270 Ak/k. 

V. POWER DISTRIBUTION AS A FUNCTION OF CORE GEOMETRY 

The four reactor analyses also yield information on the power d i s t r i ­
bution as a function of core geometry. In part icular , the various maximum-
to-average power densities may be obtained from the calculations. Such 
ratios are given in Table V. For the most part, it is seen that they a re only 
slowly varying functions of changes in L / D . The more significant and 
interesting of these are the ratios of maximum power density to average 
radial power density, which are also shown on Figs. 4 and 5. It should be 
noted that the largest value of this ratio is predicted for small values of 
L / D . Also, the variation of this quantity as a function of L / D is much more 
pronounced than for the other power parameters in Table V. 
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V A R I A T I O N O F P O W E R P R O D U C T I O N WITH 
C Y L I N D R I C A L C O R E G E O M E T R Y ( L / D ) 

R e a c t o r 
N o . 

1 

2 

3 

4 

L / D 

0.36 
0 .54 
0 .72 
0 .78 
1.00 
1.35 
2 .02 

0.20 
0.37 
0 .56 
0 .74 
0.87 
0 .93 
1.39 
2 .10 

0.30 
0 .45 

0.59 
0 .79 
1.18 
1.47 

0 .54 
0 .72 
0 .78 
1.00 
1.35 

/ P \ * 

\ ^ a ^ ^ / c o r e 

2 .21 
2 .18 
2 .18 

2 .19 
2 .17 
2 .18 
2 .23 

2 .09 
Z.OO 
1.97 
1.96 
1.95 
1.96 
1.98 
2 .02 

1.72 
1.65 
1.62 
1.61 
1.62 
1.64 

2 .17 
2 .16 
2 .17 
2 .16 

2 .19 

/ P \ ** / m a x \ 

\ ^ r a d i a l a v e / ( - o r e 

1.78 
1.71 
1,67 
1.66 
1.62 

1.59 
1.57 

1.75 
1.66 
1.60 
1.56 
1.54 
1.52 
1.49 
1.46 

1.51 
1.44 
1.40 
1.36 
1.34 
1.31 

1.70 
1.67 
1.64 
1.61 
1.58 

P r e f l ^ 
p •^core 

0 .0529 
0 . 0 4 4 8 
0 .0446 
0 .0425 

0 .0439 
0 .0439 
0 .0440 

0 .0519 
0 .0500 
0.0461 
0 .0450 
0 .0440 
0 .0444 
0 .0444 
0 .0448 

0 .147 

0 .149 
0 .146 
0 .147 
0 .146 
0 ,144 

0 .0276 
0 .0267 
0 .0256 
0 .0263 
0 .0268 

* P r M a x i m u m P o w e r D e n s i t y (at c e n t e r of c o r e ) 

P ( r , z ) dV / dV 

* * P 

I : ,• N ' 

radial ave P (r,o) rdr / I rd r 

,W 

P ( r , z ) dV 

refl - I P (r,z) dV 
/ref lector 



The power data for Reactor No. 1 were compared with axial fission 
distributions* measured with ZPR-III Assembly 25. These resul ts a re 
shown on Figs. 6 and 7. The experimental resul ts were normalized to the 
predicted data at the center of the core . The comparison between theory 
and experiment is good enough to support the predictions in Table V. 
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^ These distributions were measured along the axis of 
symmetry. 
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VI. INTERPRETATION OF THE ANALYTICAL RESULTS 

The net neutron leakage from the core is an important contributor 
to the Shape Factor determination. It is reasonable, therefore, to expect 
that the Shape Factor be strongly dependent upon the ratio of the spherical 
core surface area to the cylindrical core surface area .* The results 
from Table IV were re interpreted on such a basis and are shown on Fig. 8. 
The Shape Factor is given as a function of Sg/Sc, where Sg and Sc are the 
appropriate spherical and cylindrical core surface a r eas , respectively. 
Figure 9 gives s imilar resul ts for the experimentally investigated moder­
ately sized cores . ( l ) 

REACTOR 

1 
1 
2 

— 2 
3 
3 
4 
4 

-

L/D 

< > 
< 
> 
< 
> 
< 
> 

^i 

1 
1 
1 
1 
1 
1 
1 
1 

• 
D 

• 
o 

• 
O 

A 

© 

• 
* 

1 

0 

D 

1 

I 

6 
• 
o 

• O 

.° 
0^-

1 
O.4.. 0.5 0.6 0.7 0.8 0.9 

S /S = 
s c 

(SPHERICAL CORE SURFACE AREA)/CCYL1 NOR ICAL CORE SURFACE AREA) 

FIG. 8 

SHAPE FACTOR AS A FUNCTION OF CORE SURFACE AREA 

(ANALYTICAL RESULTS) 

* Table V shows that the ratio of maximum to average power density 
as a function of core geometry does not vary by more than 7.5%. 
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l.U 
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-
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238 235 

N" /N" L/D 
• 1 < 1 
o 1 > 1 

• 3 < 1 

• 

• 

• 

1 1 

o 

1 

o 

1 

• % 

0.4 0.5 0.6 0.7 0.8 0.9 

S /S = 
s c 

(SPHERICAL CORE SURFACE AREA)/(CYLI NOR ICAL CORE SURFACE AREA) 

SHAPE 
FIG. 9 

FACTOR AS A FUNCTION OF CORE 

(EXPERIMENTAL RESULTS) 
SURFACE AREA 

Figures 8 and 9 show that, to a high degree of approximation, the 
Shape Factor is a linear function of the ratio of core surface a r eas .* 
Furthermore, all of the systems appear to have the same' l inear dependence. 
The major difference between the various systems is the location of the 
"optimum geometry" Shape Factor . 

It is of considerable interest to determine to what extent ra ther 
simple results may be used for future analyses. The simple cri t icali ty 
equation 

S + s 
2.405 
R + 6 L + 2A (5) 

where S, R, and L are the calculated spherical radius, cylindrical radius 
and core height, respectively,** and s, 6 and A are the spherical , radial 
cylindrical and axial cylindrical "reflector savings," respectively, was 

* Comparing core surface to volume ratios of cylindrical with spherical 
systems does not yield such a simple dependence. 

** Spherical results from Table III; cylindrical resul ts from Table IV. 
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applied to the resul ts of the detailed analytical r esu l t s . The criticality 
condition requires that the mater ia l buckling K' be equated to the geometric 
buckling. The mater ia l buckling is obtained from a diffusion theory funda­
mental mode calculation. The "reflector saving" as used here is the actual 
reflector saving plus extrapolation distance. 

Table VI summar izes the reflector saving determinations for the 
spherical systems along with the calculated mater ia l bucklings. 

Table VI 

MATERIAL BUCKLINGS AND SPHERICAL 
CORE REFLECTOR SAVINGS 

Reactor 

1 
2 
3 
4 

(cm-2) 

0.002515 
0.001613 
0.002013 
0.002515 

S + s** 
(cm) 

62.64 
78.22 
70.02 
62.64 

S*** 
(cm) 

51 .13 
58.77 
44.81 
50.64 

/ . s t 
(cm) 

11 .5 
19.5 
25.2 
12.0 

* Calculated mater ia l buckling 

**S + s = -U/K 

*** From Table III 

^Reflector Saving plus Extrapolation Distance 

Table VII summarizes the reflector saving determinations for the 
cylindrical sys tems . These were obtained by assuming that the axial and 
radial reflector savings are equal. Equation (5) was reordered as follows: 

where 

and 

[(R + bf - -f\ [ ( L + Zhf - e^] = 7 ' e ' 

7 = ( 2 . 4 0 5 ) / K : 

(6) 

e = 7r//c 

By assuming 6 = A, the resulting fourth-order equation was solved 
for the single real and positive root. Table VII summarizes these 
calculations. 
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Table VII 

REFLECTOR SAVING + DETERMINATIONS FOR CYLINDRICAL CORES 

(Axial and radial reflector savings are assumed equal) 

R e a c t o r 

1 

2 

3 

4 

L / D 

0.30 
0.49 
0.78 
0.97 
1.32 

0.27 
0.36 
0.76 
0.87 
0.96 
1.44 
2.16 

0.32 
0.45 
0.59 
0.78 
1.17 
1.48 

0.50 
0.68 
0.78 
0.96 
1.32 

D 
(cm) 

158.94 
120.78 

97.68 
90.56 
82.96 

199.98 
165.56 
115.64 
109.98 
106.98 

95.82 
89.18 

132.60 
110.74 

97.62 
87.18 
76.66 
72.68 

119.02 
102.84 

97.62 
91.04 
83.28 

s t t 
(cm) 

11.5 

19.5 

25.2 

12.0 

A = 6* ' 
(cm) 

12.8 
12.2 
12.3 
12.4 
12.7 

18.4 
18.7 
18.8 
18.9 
18.7 
19.0 
19.1 

22.6 
23.1 
23.4 
23.8 
23.9 
25,4 

12.3 
12.5 
12.4 
12.3 
12.5 

A = 6** 
(cm) 

13.9 
13.4 
13.7 
13.7 
13.8 

20.4 
21.4 
22.1 
22.1 
21.7 
21.3 
20.7 

30.3 
32.9 
34.5 
35.0 
32.9 
30.8 

13.6 
13.9 
13.7 
13.6 
13.6 

A *** 

14.7 

21.7 

27.1 

15.6 

Approx . 
E r r o r * * * * 

(%) 

+ 3.0 

- 2.2 

- 4.8 

+ 1.0 

*Exact solution of Equation (7). 

**Neglect cubic and quartic terms in Equation (7). 

• ••Evaluation of: 

z 
6 = A «! — tan" 

. ' ^ t r 

K Lref 

****Error incurred by using spherical reflector saving in cylindrical 
calculation with optimum L / D . 

TReflector saving includes extrapolation length. 

' 'Spherical reflector saving from Table VI. 
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T a b l e VII a l s o g ives the r e s u l t s of n e g l e c t i n g the coef f ic ien t s of the cubic 
and q u a r t i c t e r m s for A in Equa t ion (6). Th i s a p p r o x i m a t i o n b e c o m e s b e t t e r 
a s the r a t i o of c o r e d i m e n s i o n to r e f l e c t o r sav ing i n c r e a s e s . This i s s i m p l y 
b e c a u s e expans ion of Equa t ion (6) g ives the fo l lowing: 

A^ + 2A^D 

+ 2AD^ 

w h e r e 

1 +• 

L 
— +, D VD 

+ A^D^ 

6 = A 

L 
1 + 4 — + , 

D V D 

Q + D^ 

(q + Q ) 

^fer-
D^ 

(7) 

q = 4 
2.405 \ ^ 

Q = (TT A )' 

D = 2R = c o r e d i a m e t e r ; 

L = c o r e he igh t . 

It m a y be s e e n on Tab le VII that the e a s i l y obta ined s p h e r i c a l r e ­
f l ec to r sav ing f r o m Table VI m a y not be u s e d for h i g h - p r e c i s i o n c y l i n d r i c a l 
c a l c u l a t i o n s . The s p h e r i c a l r e f l e c t o r saving i s l e s s than the exac t c y l i n d r i ­
ca l va lue for the h i g h - d e n s i t y c o r e s ( R e a c t o r s 1 and 4) and i s g r e a t e r than 
the exac t c y l i n d r i c a l va lue for the l o w - d e n s i t y c o r e s ( R e a c t o r s 2 and 3). 

The r e f l e c t o r s av ings for an infini te s l ab r e a c t o r with r e f l e c t o r 
( F o r m u l a 3.212.2 of Ref. 19) i s g iven by 

fx: 
6 = " tan • 1 , 

r e f 

• ^ t r 

K: -^ref (8) 

w h e r e 

z 
r e f 

a n d Z a r e s p e c t r u m - a v e r a g e d t r a n s p o r t c r o s s s e c t i o n s for 
t r 
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Table VIII 

REFLECTOR SAVING DETERMINATIONS BY CORRELATING 
ONE- AND TWO-DIMENSIONAL ANALYSES 

*Used m radially reflected axially bare cylindrical calculation. 

'*Used in axially reflected radially bare slab calculation. 

***Radial reflector saving plus extrapolation length. 

Obtained from axially reflected radially bare slab calculation, 

t t Obtatned from radially reflected axially bare cyUndrical calculation. 
t t tAxial reflector saving plus extrapolation length. 

^F.M. Fundamental Mode Analysis (From Table VI) 
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core and reflector, respectively, and Lj.g£ is the spectrum-averaged r e ­
flector diffusion length. 

The resul ts of evaluating Equation (8) for the four reactor systems 
are also shown in Table VII. The core spectrum from the fundamental mode 
calculations was used to average both core and reflector constants. The 
core leakage spectrum into the blanket is more like the core spectrum than 
the asymptotic blanket spectrum. Therefore, a spectrum harder than the 
asymptotic blanket spectrum will be significant toward the reflector saving 
determination. It may be seen from Table VII that the evaluation of Equa­
tion (8) consistently overpredicts the reflector saving. 

It is of in teres t to see what e r ro r is introduced through the use of the 
spherical reflector saving in a cylindrical calculation. This e r ro r is p re ­
dicted for near optimum geometry sys tems. The e r ro r is approximately 
given by 

T T • • * T:- ~ ^ A-S 

E r r o r m core size* = E ~ 3 —=j— 

The last column in Table VII shows the result of these calculations. 

One-dimensional calculations were used to determine the variation 
of both axial and radial reflector saving with core geometry. Core radii and 
diameters were specified from the calculated two-dimensional cr i t ical sys­
tems cited in Tables IV and VII. Then a ser ies of radially reflected cylindri­
cal calculations were brought cri t ical by varying the axial buckling. Similarly, 
a se r ies of axially reflected slab calculations were brought cri t ical by varying 
the radial buckling. The bare core radii and heights extracted from the t r ans ­
verse bucklings then yielded the reflector savings (plus extrapolation distance). 
This was accomplished by subtracting the reflected core radii and heights, 
respectively, obtained from the two-dimensional calculations. Table VIII 
summar izes the resul ts of this approach. 

It is significant to note that the sum b^ + t i | = K.^, although relatively 
constant as a function of L / D , does not agree with the resul ts of the funda­
mental mode analysis (Table VI)** Values of K.^ from the latter are 2.515, 
1.613, 2.013, and 2.515 x 1 0 ' ' for Reactors 1, 2, 3, and 4, respectively. The 
difference between the values of /c ^ in Table VIII and those from Table VI 
a re indicative of the limitations of purely one-dimensional calculations 
coupled with fundamental mode analyses. 

* L / D = 1 . 

** These a re also shown on Table VIII. 
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The e x t r a c t e d r e f l e c t o r s a v i n g s 6 and A in T a b l e VIII show a s ign i f i ­
cant v a r i a t i o n as a function of L / D . In g e n e r a l , a x i a l and r a d i a l r e f l e c t o r 
s av ings a r e not equa l . O c c a s i o n a l s m a l l d e v i a t i o n s f r o m s m o o t h v a r i a t i o n 
a s a function of L / D o c c u r . T h e s e m u s t be a t t r i b u t e d to the d i f f e r e n c e in 
c o n v e r g e n c e c r i t e r i a be tween the v a r i o u s a n a l y s e s u s e d in t he c a l c u l a t i o n . 
In g e n e r a l , the o n e - d i m e n s i o n a l c a l c u l a t i o n s c o n v e r g e d b e t t e r t h a n the t w o -
d i m e n s i o n a l a n a l y s e s . The o n e - d i m e n s i o n a l m e t h o d s h o w s g r o s s e r r o r s 
only for s y s t e m s n e a r the e x t r e m i t i e s of the a n a l y s e s ; t h o s e hav ing e i t h e r 
v e r y high or v e r y low r a t i o s of c o r e he igh t to d i a m e t e r . T h i s i s c a u s e d by 
the s p e c t r a l inf luence of the r e f l e c t o r . 

VII. CONCLUSIONS 

This s tudy ex tends ex i s t ing e x p e r i m e n t a l Shape F a c t o r da t a by 
a n a l y s i s of four concep tua l s y s t e m s . The m a j o r p r a c t i c a l i m p l i c a t i o n s of 
the a n a l y s i s a r e : 

1 . Shape F a c t o r s a r e m o r e dependen t upon c o r e than r e f l e c t o r 
c o m p o s i t i o n . 

2. The Shape F a c t o r s for o p t i m u m g e o m e t r y ( L / D ~0 .9 ) i n c r e a s e 
with c o r e dens i t y . 

3. The r e a c t i v i t y wor th of fuel at the c o r e b o u n d a r y t e n d s to i n ­
c r e a s e with L / D . 

4. The r a t i o of m a x i m u m power d e n s i t y to a v e r a g e r a d i a l p o w e r 
dens i ty t ends to be i n v e r s e l y p r o p o r t i o n a l to l n ( L / D ) . 

If the i n c r e a s e d fuel i nven to ry of n o n o p t i m u m c o r e g e o m e t r y can be 
t o l e r a t e d , t h e r e m a y be s o m e defini te i m p r o v e m e n t in s e v e r a l a s p e c t s of 
r e a c t o r p e r f o r m a n c e . F o r e x a m p l e , r e a c t o r c o n t r o l m a y be a f fec ted by 
m o v e m e n t of fuel (or o the r m a t e r i a l s ) a t or n e a r the c o r e b o u n d a r y . The 
q va lue s d e t e r m i n e d sugges t tha t the r e a c t i v i t y he ld by a g iven a m o u n t of 
fuel i n c r e a s e s a l m o s t l i n e a r l y with l n ( L / D ) . T h e r e f o r e , a g iven a m o u n t of 
r e a c t i v i t y (for bu rnup or shutdown) m a y be m o r e e a s i l y p r o v i d e d in non -
o p t i m u m c o r e g e o m e t r y with L / D > 1 . 

The p r e d i c t e d pos i t i ve s o d i u m void coef f ic ien t ( l 5) m a y be e f fec t ive ly 
r e d u c e d or b rough t nega t ive in n o n o p t i m u m g e o m e t r y . Th i s s tudy shows tha t , 
unde r p r o p e r cond i t ions , o ther advan t ageous c o n t r o l and e n g i n e e r i n g f e a t u r e s ' 
m a y a c c o m p a n y the n o n o p t i m u m g e o m e t r y c o r e d e s i g n . 

The s tudy a l so shows that s o m e c a r e m u s t be t a k e n in a s s i g n i n g 
Shape F a c t o r s for p r e c i s i o n c o m p a r i s o n be tween s p h e r i c a l c a l c u l a t i o n s and 
c y l i n d r i c a l e x p e r i m e n t . 
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It is recognized that two-dimensional analyses are required to r e ­
solve specific problems. The determination of the optimum geometry Shape 
Factor for a specific system is an example requiring two-dimensional 
analysis . However, the more approximate one-dimensional method should not 
be underest imated. In general , these do show the significant trends and only 
small e r r o r s are incurred by their use . 

The approximately l inear dependence between the Shape Factor and 
the ratio of spherical to cylindrical core surface area is demonstrated. 
This approximation may be confidently used to determine t rends . 
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